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LAGRANGIAN SKELETA OF HYPERSURFACES IN (C∗)n
PENG ZHOU
ABSTRACT. Let W (z1, · · · , zn) : (C∗)n → C be a Laurent polynomial in n variables, and let H be a
generic smooth fiber of W . In [RSTZ] Ruddat-Sibilla-Treumann-Zaslow give a combinatorial recipe
for a skeleton for H. In this paper, we show that for a suitable exact symplectic structure on H, the
RSTZ-skeleton can be realized as the Liouville Lagrangian skeleton.
Let (M,ω = dλ) be an exact symplectic manifold, and let X = Xλ be the Liouville vector field
defined by ιXω = −λ. If (M,ω, λ,X) is a Liouville manifold (see [CE, Chapter 11] for definition),
then X shrinks M to a compact isotropic (possibly singular) submanifold Λ, called the Liouville
skeleton. The Liouville skeleton is useful for sympletic topology, since the tubular neighborhood
of the skeleton is symplectomorphic to the original manifold up to rescaling the symplectic form.
A large class of Liouville manifolds come from Stein manifolds, e.g. affine hypersurfaces H in
(C∗)n. Given an exhausting psh function ϕ on the Stein manifold, we can define the Liouville
structure by setting ω = −ddcϕ and λ = −dcϕ. In [RSTZ], Ruddat-Sibilla-Treumann-Zaslow
give a combinatorial recipe for a topological skeleton in affine hypersurfaces. The RSTZ-skeleton
depends on the Newton polytope Q of the defining polynomial for the hypersurface and a star
triangulation of Q.
It is conjectured that the RSTZ-skeleton can be realized as a Liouville skeleton for a suitable
choice of Liouville structure on the hypersurface. Here we construct such Liouville structure using
tropicalization. The main idea is contained in the following example:
0.1. Example: the pair-of-pants. Consider the hypersurface
H = {x+ y = 1}, x, y ∈ C∗.
The hypersurface can be identified as C\{0, 1}, a ’pair-of-pants’. A topological skeleton can be
constructed as following: fix an arbitrarily small positive number , and define the skeleton as
Λ = ({|x| = } ∪ {|y| = } ∪ {x ≥ , y ≥ })
⋂
{x+ y = 1}.
Thus Λ has the shape of two circles connected by an interval. To realize it as a Lagrangian skeleton,
we need to choose an exact symplectic structure. Consider the following function ϕ on (C∗)2 and
its restriction on the pair-of-pants
ϕ(x, y) = (log |x| − log )2 + (log |y| − log )2.
It is easy to check that ϕ is a psh function on (C∗)2, and restricts to be a psh function on any
complex submanifold of (C∗)2. Geometrically, ϕ is constructed by taking the projection map
Log = log | · | : (C∗)2 → R2
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FIGURE 1. RSTZ-skeleton (on the left) and its embedding for the pair-of-pants.
and then taking Euclidean distance on R2 to a point
ϕ(z) = |Log(z)− p|2, p = (log , log ).
The hypersurface {x+y = 1} projects under log | · | to an ’amoeba’ shaped region in R2, with three
tenacles asymptotic to the three rays (drawn as dashed lines in the figure)
{log |x| = 0, log |y|  0}, {log |x|  0, log |y| = 0}, {log |x| = log |y|  0}.
The Louville flowXλ onH induced by λ = −dcϕ is the same as the negative gradient flow−∇ω(ϕ)
of ϕ with respect to the Kahler metric ω = −ddcϕ. The critical point of ϕ on H can be identified
with the critical points on the amoeba Log(H) with respect to the distance function to point p.
The unstable manifold of −∇ϕ onH is topologically two circles together with an interval.
0.2. Set-up and Summary of results. To state our main result precisely, we need some notation.
Let M,N be dual lattices of rank n. Let T = R/2piZ. For any abelian group G, e.g. G = C∗,R, T ,
we define MG := M ⊗Z G and similarly for NG. If we fix a basis of M , then M ∼= Zn, and
MC∗ ∼= (C∗)n,MR ∼= Rn,MT ∼= Tn.
Let Q ⊂ NR be a integral convex polytope of full-dimension containing 0.1 Let T be a coherent
star triangulation of Q based at 0, and let ∂T be the subset of T with simplices not containing 0 as
a vertex. Let ΣT be the simplicical fan spanned by the simplices in T . Let A denote the vertices of
T , and ∂A that of ∂T , so that A = ∂A ∪ {0}.
We fix two functions
h : A→ R, Θ : A→ T,
such that h induces the coherent star triangulation of T . Without loss of generality, we let
h(0) = 0, Θ(0) = pi.
Let ĥ : Q→ R denote the convex piecewise linear function on Q extending h.
We define conical Lagrangian ΛT ,Θ ⊂MT ×NR ∼= T ∗MT by
ΛT ,Θ :=
⋃
τ∈∂T
{θ ∈MT : 〈α, θ〉 = Θ(α) for all vertices α ∈ τ} × cone(τ) (0.1)
where we used the pairing 〈−,−〉 : MT × NR → T induced by the canonical pairing between
M,N , and cone(τ) = R≥0 × τ . We also define the generalized RSTZ-skeleton [RSTZ] by
Λ∞T ,Θ :=
⋃
τ∈∂T
{θ ∈MT : 〈α, θ〉 = Θ(α) for all vertices α ∈ τ} × τ (0.2)
1The case where Q is not full-dimension can be reduced to this one, by defining N ′R = spanR(Q) ⊂ NR, and MR 
M ′R. The skeleton for (MR, NR, Q) would be that of (M
′
R, N
′
R, Q) times (S
k) where d = dimMR − dimM ′R.
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Remark 0.1. The definition of the original RSTZ-skeleton is for Θ|∂A = 0 and is living over the
boundary of the Newton polytop |∂T | ⊂ ∂Q ⊂ NR. In this case ΛT ,Θ is first defined by [FLTZ1].
We will sometimes identify |∂T | with its projection to N∞R := (NR\{0})/R>0, then and Λ∞T ,Θ is
homeomorphic to the ’end-at-infinity’ of ΛT ,Θ, hence the notation.
For all large enough β > 0, we define the tropical polynomial as
fβ,h,Θ(z) =
∑
α∈A
e−iΘ(α)e−βh(α)zα. (0.3)
where zα is a monomial on MC∗ ∼= (C∗)n. Let
Hβ,h,Θ := {z ∈MC∗ | fR,h,Θ(z) = 0}
denote the complex hypersurface defined by fR,h,Θ.
Theorem ([RSTZ]). If Θ|∂A = 0, then the skeleton Λ∞T ,Θ embeds into the hypersurfaceHR,h,Θ as a strong
deformation retract.
We prove the following theorem, for general Θ.
Main Theorem. The hypersurface HR,h,Θ admits a Liouville structure such that its Liouville skeleton is
homeomorphic to Λ∞T ,Θ.
Remark 0.2. The deformation of fβ,h,Θ by varying Θ continuously induces equivalences of cat-
egories for Fukaya-Seidel category FS(MC∗ , fβ,h,Θ). 2 By realizing the dependence on Θ in La-
grangian skeleto ΛT ,Θ, we can prove [Z] equivalences of categories among the infinitesimally
wrapped Fukaya categories Fuk(T ∗MT ,ΛT ,Θ) used in [FLTZ1, FLTZ2].
0.3. Sketch of Proof. The idea of the proof is illstrated in the above example, that is, we project
the hypersurface Hβ,h,Θ to MR, then use a distance function to a point to induce the psh function
ϕ, which in turn induces a Liouville structure onH. However, there are two technical modification
used.
(1) The first modification is is to ’straighten the tube’, or called tropical localization by Mikhalkin
and Abouzaid [Mi, Ab]. In the defining Laurent polynomial f = fβ,h,Θ, not all terms are
of equal importance at all points on H = Hβ,h,Θ. We may drop the irrelevant terms and
simplify the defining equation forH locally.
(2) The second modification is to find a convex function ϕ onMR ∼= Rn adapted to the ’tropical
amoeba’ of the hypersurface. Let C0 =: P is denote the convex polytope for the comple-
ment of the tropical amoeba corresponding to vertex 0. The condition for ϕ is (Definition
2.8) (1) ϕ(λx) = λ2ϕ(x) for λ > 0, x ∈ MR\{0}, and (2) for each face F of P of positive
dimension, we want ϕ|F to have a minimum in Int(F ). See Figure 2 for an example, where
|x|2 fails to be a good potential for case (b).
Remark 0.3. The use of ’non-standard’ Kahler potential ϕ on MC∗ (non-canonically isomorphic to
(C∗)n) may be unorthodoxical, but it is natural in some sense. (1) The often used ’standard’ Kahler
potential
∑
i(log |zi|)2 on MC∗ is not standard in the first place, since it depends of the choice of
basis for M . (2) To identify the RSTZ-skeleton (0.2) that lives in MT × NR with the Liouville
skeleton (3.1) that lives in MC∗ ∼= MT ×MR, one needs to identify NR with MR. Here this is done
using the Legendre transformation induced by ϕ. Equivalently, one fixes a (Finsler) metric on
fibers of TMT and identify TMT ∼= T ∗MT .
2We thank Gabe Kerr for the suggestion to consider this freedom of coefficients.
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(a) (b)
FIGURE 2. (a) Tropical amoeba of f = 1 + e−β(x + y + 1/xy) (b) Tropical amoeba
of f = 1 + e−β(x + xy + 1/xy2). The function |x|2 on R2 is adapted to the amoeba
polytope in (a) but not the one in (b), since the minimum of |x|2 on the top edge lies
on the endpoint.
0.4. Related works. The study of skeleton for Liouville (or Weinstein) manifold was motivated
largely by Homological Mirror Symmetry (HMS). It was Kontsevich’s original proposal, to com-
pute the Fukaya category of a Weinstein manifold W by taking global section of a (co)sheaf of
categories living on the skeleton. Following this approach, the (complex) 1-dimensional case has
been studied by [STZ, PS] and [DK]. In general, the category under consideration has two ver-
sions, a microlocal sheaf version, and a Floer-theoretic version. The two versions are expected to
agree by the on-going work of Ganatra-Pardon-Shende [GPS1, GPS2]. The microlocal sheaf ver-
sion, originates from the seminal work of Nadler and Zaslow [NZ, N1], says the infinitesimally
wrapped Fukaya category on T ∗M with asymptotic condition of non-compact Lagrangian given
by a conical Lagrangian Λ, is equivalent to constructible sheaves on M with singular support in
Λ. The wrapped Fukaya category also has a microlocal sheaf version, developed by Nadler [N4].
The microlocal sheaf category for local Lagrangian singularities has been studied by Nadler. In
[N2], Nadler defined a class of ’simple’ singularities, termed ’arboreal singularities’, and proved
that the microlocal sheaf category on arboreal singularity is equivalent to the category of represen-
tation of quivers. In [N3], Nadler showed that one can deform an arbitrary Lagrangian singularity
to an arboreal one, while keeping the microlocal sheaf category invariant. It is also expected that
such arborealization can be induced by a perturbation of Weinstein structure[St, ENS].
The skeleton for n dimensional pair-of-pants Pn has been studied by Nadler[N4], where a
higher dimensional analog of Figure 1 is constructued. A Σn+2-symmetric skeleton for Pn is con-
structed by Gammage-Nadler [GN], where Σn+2 is the symmetric group. With the technique of
tropical phase variety of Kerr-Zharkov [KeZh], we hope to find other Lagrangian skeleta Λk for
Pn−1, where k = 1, · · · , n indicating the number of dominant terms in the defining equation of
Pn−1.
In Gammage-Shende [GS], as one ingredient in proving HMS for the toric boundary of a toric
variety, they constructed the Liouville skeleton for the same hypersurface as considered here.
However, their results [GS, Theorem 3.4.2] depends on the following hypothesis that, there exists
some tropicalization function h : A → R and some identification M ∼= Zn, such that the tropical amoeba
polytope P = {x ∈ MR : 〈x, α〉 ≤ h(α), ∀α ∈ ∂A} contains 0 as an interior point, and |x|2 restricts to
each face F of P has a minimum in the interior of F . This hypothesis is true in two-dimension, and can
be verified in certain examples, e.g. mirror to weighted projective spaces. But in general, one does
not know if it is always true, it would be interesting to find a proof or construct a counter-example.
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3 Our approach here does not rely on this hypothesis, which is equivalent to ”|x|2 is adapted to the
tropical amoeba polytope P” for some choice of h. We avoid this by considering a more flexible choice
of Kahler potentials on than |x|2, and our approach works for any choice of h compatible with T .
0.5. Outline. In section 1, we reviewed the tropical localization of Mikhalkin and Abouzaid. We
are careful in picking the cut-off functions such that the inner boundary of the amoeba remains
convex (Section 1.4). In Section 2, we review how to identifyMC∗ with T ∗MT by choosing a Kahler
potential, and we introduce the key concept of Kahler potential adapted to a polytope in Section
2.4. Then we state our main theorems in more detail in Section 3.
0.6. Acknowledgements. I would like to thank my advisor Eric Zaslow for introducing the idea
of Lagrangian skeleton and the problem of finding Lagrangian embedding. The idea of using
Legendre transformation to identify NR and MR was inspired by a talk of Helge Ruddat. I thank
Vivek Shende and Ben Gammage for the clarification of their work. I also thank Nicolo` Sibilla,
Gabe Kerr, David Nadler and Ilia Zharkov for many helpful discussions.
1. TROPICAL GEOMETRY
1.1. Triangulation and Amoeba. We follow [GKZ, Chapter 7] and [Mi] to give background on
coherent triangulations and tropical amoeba.
Let A ⊂ N ∼= Zn and Q = conv(A) its convex hull. Assume Q has full dimension. A coherent
triangulation (T , ψ) for pair (Q,A) is a triangulation T of Q with vertices in A and a piecewise
linear (PL) convex function ψ : Q → R, such that the maximal linear domains of ψ are exactly
the maximal simplices of T . For any assignment h : A → R, there exists a maximal PL convex
function hˆ : Q → R, such that hˆ(α) ≤ h(α) for all α ∈ A. For generic choice of h, hˆ induces
a triangulation T of (Q,A). Since we work with a fixed triangulation instead of considering all
possible triangulations, we will assume A is the set of vertices of T by reducing A if necessary. If
(T , ψ) is a coherent triangulation of (Q,A), h = ψ|A, we may also denote (T , ψ) by (T , h).
Let (T , ψ) be a coherent triangulation of (Q,A). We define the Legendre transformation of ψ as
Lψ : MR → R, uψ(y) = max
x∈A
〈x, y〉 − ψ(y),
where 〈−,−〉 is the dual pairing MR × NR → R. One can show that Lψ is a PL convex function
on MR, inducing a cell-decomposition of MR dual to the triangulation of T on Q. If τ ∈ T is a
k-simplex, then we use Cτ or τ∨ to denote the dual cell of dimension n − k in MR. In particular,
Cα are the n-dimensional cells of MR. The cells and simplices are closed in our convention.
Definition 1.1. The tropical amoeba Πψ ⊂MR is defined as the singular loci of Lψ.
The tropical amoeba is the limit of amoeba, which we now define. Given a coherent triangula-
tion (T, h) of (Q,A), h : A→ R, we may define the patchworking polynomial
fβ,h(z) =
∑
α∈A
e−βh(α)zα : M∗C → C.
More generally, given a function Θ : A→ T , we have
fβ,h,Θ(z) =
∑
α∈A
e−βh(α)e−iΘ(α)zα : M∗C → C.
3We thank Gammage and Shende for this clarification.
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Definition 1.2. The Log amoeba Πβ,h,Θ of f = fβ,h,Θ is defined as the image of f−1(0) under the
(rescaled) logarithm map
Logβ : M ⊗Z C∗ →M ⊗Z R, m⊗ z 7→ m⊗ β−1 log |z|.
Mikhalkin proved the following convergence theorem:
Theorem ([Mi]). The tropical amoeba Πh is the Hausdorff-limit of rescaled amoeba Πβ,h,Θ as β →∞.
1.2. Monomial cut-off functions. The complements of the tropical amoeba has a one-to-one cor-
respondence with the vertices of the triangulation T ,
MR\Πh =
⊔
α∈A
Cα, MR\Πβ,h =
⊔
α∈A
Cα,β.
Cα are convex polyhedra, and Cα,β are smooth strictly convex domains [GKZ, Chapter 6, Cor 1.6].
The idea of introducing a monomial cut-off function χα,β(z) is to turn off the term e−βh(α)zα if it
is much smaller than the rest, thus straighting the hypersurface. The idea is first used in Abouzaid
[Ab] to control the symplectic geometry of the hypersurface.
We fix a cut-off function χ(x) on R with the following properties
• χ(x) =

1 x ∈ [0,∞)
∈ (0, 1) x ∈ (−2, 0)
0 x ∈ (−∞,−2]
.
• χ(x) exp(x) is convex.
Example 1.3. One can check that the following specification of χ(x) on [−2, 0] gives a C2 function
on R with the desired convexity.
χ(x) = e−1/(x+2)+1/2−x/4+x
2/8.
See Figure 3 for a plot of χ(x)ex. We have
(exχ(x))′′
exχ(x)
= 256 + 608x+ 576x2 + 288x3 + 85x4 + 14x5 + x6, x ∈ (−2, 0).
which can be verified to be positive on (−2, 0) The non-smooth point of χ(x) is at x = 0, and can
be mollified if needed.
-2.0 -1.5 -1.0 -0.5
0.2
0.4
0.6
0.8
1.0
FIGURE 3. . We modify exponential function ex (dashed line) to exχ(x)(solid line),
such that exχ(x) remains convex.
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We use log coordinates (ρ, θ) ∈ MR × MT for point z ∈ MC∗ . We also use β-rescaled log
coordinates (u, θ) = (β−1ρ, θ), thus u = Logβ(z). For each α ∈ A, define linear function on MR
lα(u) := 〈u, α〉 − h(α).
Definition 1.4. For any vertex α ∈ A, we define the monomial cut-off function as
χα,β(u) =
∏
α′ adjacent to α in T
χα,α′,β(u)
where
χα,α′,β(u) = χ(β(lα(u)− lα′(u)) +
√
β).
We define a distance-like function to region Cα,
rα(u) := Lhˆ(u)− lα(u)) = maxα′∈A(lα′(u)− lα(u)).
Thus rα(u) is a non-negative PL convex function, vanishes only on Cα.
Proposition 1.5. For all large enough β, χα,β(u) satisfies the following property
χα,β(u) =
{
1 rα(u) < β
−1/2
0 rα(u) > β
−1/2 + 2β−1
Proof. If rα(u) < β−1/2, then for all α′ adjacent to α, we have
lα′(u)− lα(u) < β−1/2 ⇒ β(lα(u)− lα′(u)) +
√
β) > 0
thus each factor in χα,β(u) equals 1. The other case is similar to check, where β large enough
means rα(u)−1(β−1/2 + 2β−1) intersects all the neighboring cells Cα′ for Cα. 
Definition 1.6. For each α ∈ A, we define the bad region as the open set
Bα,β = {u ∈MR | β−1/2 + 2β−1 > rα(u) > β−1/2}.
The (total) bad region Bβ is defined as the union of all Bα,β . The good region is defined as the closed
set Gβ := MR\Bβ .
On the good region, each χα,β is either 0 or 1, hence we have a partition labeled by cells of T :
Gβ =
⊔
τ∈T
Gβ,τ ,
where Gβ,τ = {u ∈ Gβ | χα,β(u) = 1 ⇐⇒ α ∈ τ} is a closed convex polyhedron with non-empty
interior.
1.3. Tropical Localized Hypersurfaces. Following [Ab, Section 4], we define a family of hyper-
surfacesHs as the zero-loci of fs(z):
fs(z) :=
∑
α∈A
fα(z)χα,s(z), Hs = f−1s (0),
where
fα = e
−βh(α)−iΘ(α)zα, χα,s(z) = sχα(z) + (1− s).
Here we have dropped the β, h, · · · subscripts from previous notations for clarity. These hyper-
surfacesHs interpolates between the complex hypersurfaceH and tropical localized hypersurface
H˜, where
H := H0, H˜ := H1.
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The following proposition is a modification of Proposition 4.2 in [Ab].
Proposition 1.7. Fix any identification MC∗ ∼= (C∗)n. Let ω be any toric Kahler metric on MC∗ , compa-
rable with ω0 = i
∑
i d log zi ∧ dlog zi. Then, for all large enough β, the family of hypersurfaces Hs are
symplectic with induced symplectic form from ω.
Proof. We proceed as in Proposition 4.2 in [Ab]: to prove f−1(0) is symplectic, it suffices to prove
|∂¯f(z)|ω < |∂f(z)|ω. Since ω and ω0 are comparable, in the following the norm on MR or its dual
NR are taken to be the Euclidean norm.
Assume s > 0 and z is in the ’bad region’(see Definition 1.6) of the hypersurfaceHα,s, since oth-
erwise the hypersurface is holomorphic at z and there is nothing to prove. Let I(z) = {α0, · · · , αk} ⊂
A be subset of vertices where rαi(z) ≤ β−1/2, thus I ′(z) is vertex set for a simplex τ(z) of T . Since
fα0(z)
−1fs(z) is an equally good defining equation for Hs, hence without loss of generality, we
may assume that α0 = 0. Let I(z) = I ′(z)\{α0}.
Define
F (z) =
∑
α∈A
|fα(z)| =
∑
αinA
eβlα(u) =: eβϕβ,h(u).
Then we have ϕβ,h(u) ≥ Lh(u) for all u ∈MR, and as β →∞we have ϕβ,h(u)→ Lh(u) in C0.
We first note that of derivatives for the cut-off functions χα(z) have a uniform bound
|dχα(ρ)| = |d(
∏
α′
χ(
√
β + lα(ρ)− lα′(ρ)))|
≤
∑
α′
|d(χ(
√
β + lα(ρ)− lα′(ρ)))|
≤ ‖χ′‖∞
∑
α′
|α′ − α| < C
where the product or sum are over α′ adjacent to α in triangulation T , and we used the bound
χ ≤ 1.
We have for ∂¯fs(z).
|F (z)−1∂¯fs(z)| = |F (z)−1
∑
α
fα(z)∂¯χα,s(z)| ≤ s
∑
α
eβ(lα(u)−ϕβ,h(u))|∂¯χα(z)|
≤
∑
α
eβ(lα(u)−Lh(u))|∂¯χα(z)| ≤
∑
α
eβ(−β
−1/2)|∂¯χα(z)|
≤ Ce−
√
β
where we used ϕβ,h(u) ≥ Lh(u) and on the support of dχα(z) we have rα(z) = Lh(u) − lα(u) >
1/
√
β.
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Next, we compute ∂fs(z).
|F (z)−1∂fs(z)| = |F (z)−1
∑
α
∂fα(z)χα,s(z) + sfα(z)∂χα(z)|
= F (z)−1|
k∑
i=1
∂fαi(z)|+O(e−
√
β)
= F (z)−1|
k∑
i=1
fαi(z)〈αi, d(ρ+ iθ)|+O(e−
√
β)
= F (z)−1
 k∑
i=1
k∑
j=1
fαi(z)fαj (z)〈αi, αj〉
1/2 +O(e−√β)
> C1F (z)
−1
[
k∑
i=1
|fαi(z)|2
]1/2
+O(e−
√
β)
> C2F (z)
−1
k∑
i=1
|fαi(z)|+O(e−
√
β) = C2 +O(e
−√β)
where O(e−
√
β) represent a remainder bounded by e−
√
β , C1 is the smallest eigenvalue of the k×k
matrix Mij = 〈αi, αj〉, which is non-degenerate since {α0 = 0, α1, · · · } are vertices of a k-simplex
in T . We also used that all the lp (1 ≤ p ≤ ∞) norm on Rk are equivalent.
Thus, we have shown |∂(fα0(z)−1fs(z))| > |∂¯(fα0(z)−1fs(z))| for z ∈ f−1s (0), hence Hs are
symplectic. 
Proposition 1.8 (Proposition 4.9 [Ab]). The family of hypersurfaces Hs are symplectomorphic for all
s ∈ [0, 1].
1.4. Tropical Localization with Convexity . For log amoeba Πh,β and tropical amoeba Πh, their
connected components of complementCα,β andCα are convex. Let Π˜β,h = Logβ(H˜) be the amoeba
of the tropical localized hypersurface, and let C˜α denote the complements dual to vertex α ∈ A.
We would like to show that C˜α are close to convex as well.
Proposition 1.9. The defining equation for C˜α is
1 =
∑
α′ adjacent to α
eβ(lα′ (u)−lα(u))χα′,β(u) = Fα.
and Fα is convex in the good region, i.e., where all χα,β(u) are constant with value 0 or 1.
Proof. The boundary of the complement C˜α is where the dominant term equals the sum of the
other non-dominant term. By the tropical localization, there are at most n non-dominant terms
for a point z on the boundary (thanks to T being a triangulation). Hence the θi can be chosen,
such that the argument of the dominant and non-dominant terms are the same. For the second
statement, we note that over the good region, Fα is a sum of convex functions. 
Definition 1.10. The convex model Ĉα for C˜α is defined by {u ∈ Cα | F̂α(u) = 1}, where
F̂α =
∑
α′ adjacent to α
eβ(lα′ (u)−lα(u))χα′,α,β(u)
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The two defining functions, Fα and F̂α, differ by the cut-off functions: Fα uses χα′,β which cuts
along the boundary ofCα′ , whereas F̂α uses χα′,α,β which cuts along the hyperplane separatingCα
and Cα′ . However, on Cα the two functions and the hypersurfaces are very close, as the following
two propositions show.
Proposition 1.11. For all k ≥ 1, there are constant ck, c′k, such that
‖F‖Ck(Cα) + ‖F̂‖Ck(Cα) ≤ c′kβk
and
‖F − F̂‖Ck(Cα) < ckβke−
√
β.
Proof. First, we note that since all χα1,α2,β ≤ 1, we have χα′(u) < χα′,α(u), thus
F̂α(u) > Fα(u), Ĉα ⊂ C˜α.
For u ∈ Cα and α′ adjacent to α, if χα′(u)−χα′,α(u) 6= 0, then lα′(u)− lα(u) +
√
β ∈ (−2, 0). Hence
F̂α(u)− Fα(u) =
∑
α′ adjacent to α
eβ(lα′ (u)−lα(u))(χα(u)− χα′,α(u)) < Ce−
√
β.
Similarly, taking k-th derivative, we have
|∂kuF̂α(u)− ∂kuFα(u)| < Ckβke−
√
β.
where the norm are taken with respect to Euclidean norm on Rn, after choosing an identification
MR ∼= Rn. This finish the proof. 
Fix MR ∼= Rn and equip Rn with Euclidean metric. Let S∗Rn denote the unit cosphere bundle.
If C is a domain with smooth boundary, we define
ΛC = {(p, ξ) ∈ S∗Rn | p ∈ ∂C, ξ ∈ (Tp∂C)⊥ and points outward }
Proposition 1.12. We have the following convergence results:
(1) In the good region in Cα, ∂C˜α = ∂Ĉα.
(2) The Hausdorff distance between ∂C˜α and ∂Ĉα is O(β−1e−
√
β).
(3) The Hausdorff distance between Λ
C˜α
and Λ
Ĉα
is O(βe−
√
β).
Proof. We will write F = Fα, F̂ = F̂α and so on, omitting the α subscript when it is not confusing.
(1) Since in the good region in Cα, all the cut-off functions χα′ and χα′,α are equal.
(2) Since F̂ ≤ F , hence the domain Ĉ ⊂ C˜ ⊂ C. If u ∈ ∂Ĉ\∂C˜, we take gradient flow of F ,
starting from u and ending on u′ ∈ ∂C˜. Let γ : [0, t]→ Cα denote this integral curve. Since around
∂C˜ and ∂Ĉ, we have uniform lower bound for |dF | and |dF̂ | by some constant cβ, hence
cβ dist(u, u′) ≤ cβt <
∫ t
0
|∇F (γ(s))|ds
and ∫ t
0
|∇F (γ(s))|ds = F (γ(t))− F (γ(0)) = 1− F (u) = F̂ (u)− F (u) < Ce−
√
β
hence
dist(u, u′) = O(β−1e−
√
β) (1.1)
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Similarly, if we start from u′ ∈ ∂C˜\∂Ĉ we may find u ∈ Ĉ using gradient flow of F̂ , with the same
bound as above. This establishes the bound on Hausdorff distance
(3) Let u ∈ ∂Ĉ\∂C˜, and u′ ∈ ∂C˜ constructed as in (2). We have
|dF (u′)− dF̂ (u)| ≤ |dF (u′)− dF (u)|+ |dF (u)− dF̂ (u)|
≤ ‖F‖C2 dist(u, u′) +O(βe−
√
β) = O(βe−
√
β)
where we used the C2 bound of F in Proposition 1.11 and the distance bound in (1.1). 
Let ΛCα denote the Legendrian of the unit exterior conormal to Cα.
Proposition 1.13. Let α ∈ A, Ĉα be the tropical localized amoeba’s complement. We have the following
convergence of the boundary of Ĉα, and its Legendrian lifts:
(1) The Hausdorff distance between ∂Ĉα and ∂Cα is O(1/
√
β).
(2) The Hausdorff distance between Λ
Ĉα
and ΛCα is O(1/
√
β).
Proof. Consider the simplices around vertex α in T . Let τ be such a k-dimensional simplex, with
vertices α, α1, · · · , αk. Denote the dual face by τ∨ on the polytope Cα. We also define an locally
closed subset Uτ ⊂ ∂Ĉα, such that z ∈ Uτ iff the set Iα(z) = {α1, · · · , αk}.
Iα(z) := {α′ adjacent to α, χα′,α,β(z) > 0}.
Define the orthogonal projection projection map
piτ : Uτ → τ∨.
If u ∈ Uτ , u′ = piτ (u), then since
−1/
√
β − 2/β < lαi(u)− lα(u) < 0, and lαi(u′)− lα(u′) = 0
Hence
dist(u, u′) < O(
k∑
i=1
|lαi(u)− lα(u)|) = O(1/
√
β).
Also τ∨ is in O(1/
√
β) neighborhood of Im(piτ ), thus the Hausdorff distance between τ∨ and Uτ
is O(1/
√
β). Considering all faces τ∨ of Cα proves the first statement.
For the second statement, we further note that, for any u ∈ Uτ , the exterior unit conormal ξ of
Ĉα at u is contained in cone(α1 − α, · · · , αk − α) = R+τ . Define
Λτ∨ := τ
∨ × (R+ · τ) ∩ S∗Rn.
Then the projection map piτ , lifts to
piτ : ΛC˜α |Uτ → Λτ∨ , (u, ξ) 7→ (piτ (u), ξ)
Since the fiber direction has distance zero, the similar argument as (1) proves the second statement.

2. LEGENDRE TRANSFORMATION AND TORIC KAHLER POTENTIAL.
In this section we use Legendre transform to define a diffeomorphism between (C∗)n and T ∗Tn,
and define a Kahler structure on (C∗)n.
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2.1. Legendre transformation. Let V be a real vector space of dimension n, and V ∨ be its dual
space. There is a natural identification of symplectic space
T ∗V ∼= V × V ∨ ∼= T ∗V ∨.
Let piV and piV ∨ denote the projection of V × V ∨ to its first and second factor, respectively.
Let ϕ be a smooth strictly convex function on V . The Legendre transformation for ϕ is defined
as
Φϕ : V → V ∨, x 7→ dϕ(x).
We will always assume ϕ satisfies some growth condition such that the Legendre transformation
is surjective. The Legendre dual ψ of ϕ is also a convex function defined as
ψ : V ∨ → R, y 7→ sup
x∈V
〈x, y〉 − ϕ(x) = 〈Φ−1ϕ (y), y〉 − ϕ(Φ−1ϕ (y)).
If we fix a linear coordinate ρ = (ρ1, · · · , ρn) on V and dual coordinate p = (p1, · · · , pn) on V ∨,
then the Legendre transformation can be written as
pi = ∂ρiϕ(ρ).
If p = dϕ(p), then Legendre dual function
ψ(p) =
∑
i
ρipi − ϕ(ρ).
And the two matrices Hessϕ(ρ) = ∂ijϕ(ρ) and Hessψ(p) = ∂ijψ(p) are inverse of each other. There
is a metric on V induced by ϕ:
gϕ = ∂ijϕ(ρ)dρi ⊗ dρj .
The above contruction can be interpreted symplectically. Consider the graph Lagrangian Γdϕ in
T ∗V
Γdϕ = {(x, y) ∈ V × V ∨ | y = dϕ(x)}.
Let L = Γdϕ. Then the Legendre transform is Φϕ = piV ∨ |L ◦ piV |−1L
L
V V ∨
piV piV ∨ .
L as a section in T ∗V ∨ is the graph of Γdψ for the Legendre dual function ψ of ϕ.
The following lemma says, gradient vector field on V and differential one form are related by
Legendre transformation.
Lemma 2.1. Let ϕ be any smooth convex function on V , and let f : V → R be any smooth function. For
any ρ ∈ V , and p = Φϕ(ρ) ∈ V ∨, then (Φϕ)∗(∇f |ρ) ∈ TpV ∨ ∼= V ∨ and df(ρ) ∈ T ∗ρ V ∼= V ∨ are equal.
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Proof. We work with linear coordinates (ρ1, · · · , ρn) on V and dual coordinate (p1, · · · , pn) on V ∨.
Let gij = (gϕ)ij = ∂ijϕ and gij be the matrix inverse of gij .
(Φϕ)∗∇f(ρ) =
∑
i,j,k
∂ρkf · gjk ·
∂pi(ρ)
∂ρj
· ∂pi
=
∑
i,j,k
∂ρkf · gjk · gij · ∂pi
=
∑
i,k
∂ρkf · δik · ∂pi = df.

2.2. Identification between MC∗ and T ∗MT . There is a canonical complex structure on MC∗ ∼=
MR × MT , and a canonical symplectic structure on T ∗MT ∼= NR × MT . We will use notation
θ ∈ MT , ρ ∈ MR and p ∈ NR. If we fix a Z-basis for M , then we have MC∗ ∼= (C∗)n = {(eρi+iθi)i}
and T ∗MT ∼= T ∗Tn = {(θi, pi)i}.
Let ϕ : MR → R be a smooth strictly convex function such that the Legendre transformation
Φϕ : MR → NR is surjective. We abuse notation and also denote by ϕ the pullback via MC∗ →MR,
and call ϕ a Ka¨hler potential on MC∗ . Then we may define Liouville one-form and symplectic
two-form on MC∗
λ = −dcϕ, ω = −ddcϕ.
In coordinate form, we have
λϕ =
∑
i
∂iϕ(ρ)dθi, ωϕ =
∑
i,j
∂ijϕ(ρ) dρi ∧ dθj .
The Riemannian metric can also be obtained by gϕ(X,Y ) = ωϕ(X, JY ), where J∂ρi = ∂θi , J∂θi =
−∂ρi , or in coordinate form
g =
∑
i,j
∂ijϕ(ρ)(dρi ⊗ dρj + dθi ⊗ dθj).
If we equip T ∗MT with the standard exact symplectic structure (ω, λ):
λstd =
∑
i
pidθi, ωstd =
∑
i
dpi ∧ dθi,
then by Legendre transformation Φϕ × id : MC∗ = MR ×MT → NR ×MT = T ∗MT , we have
(Φϕ × id)∗(λstd) = λϕ, (Φϕ × id)∗(ωstd) = ωϕ.
2.3. Homogeneous Ka¨hler potential. Next we will restrict ourselves to homogenous convex func-
tions as Ka¨hler potential.
Definition 2.2. A convex function ϕ on MR is said to be homogeneous of degree d for some d ≥ 1, if
for any 0 6= x ∈MR and any λ > 0, we have
ϕ(λx) = λdϕ(x), (2.1)
and Ω = {x : ϕ(x) ≤ 1} is a bounded strictly convex closed set with smooth boundary.
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Remark 2.3. Any positive definite quadratic form on MR is a homogeneous degree two convex
function. More generally, any bounded strictly convex subset Ω ⊂MR with smooth boundary and
containing 0 as an interior point determines a homogeneous degree d convex function ϕΩ,d such
that Ω = {x : ϕ(x) ≤ 1}.
Proposition 2.4. For any homogeneous convex function ϕ of degree d with d ∈ [0,∞), we have
(1) ϕ is smooth on MR\{0}.
(2) ϕ is Ck at 0 where k is the largest integer less than d.
(3) If d > 1, then ϕ is strictly convex.
Proof. (1) and (3) are easy to verify. We only prove (2). Fix a linear coordinate x1, · · · , xn onMR. For
multi-index α = (α1, · · · , αn), any point 0 6= x ∈MR and λ > 0, we have ∂αxϕ(λx) = λd−|α|∂αxϕ(x).
Hence if in addition |α| ≤ k < d, then limλ→0 ∂αxϕ(λx) = 0. Hence all k-th derivative can be
continuated to x = 0. 
Lemma 2.5. If ϕ is a homogeneous degree d convex function, then for λ > 0
Φϕ(λρ) = λ
d−1Φϕ(ρ).
Definition 2.6. Let M∞R := (MR\0)/R>0 and N∞R := (NR\0)/R>0. Then we define the projective
Legendre transformation
Φ∞ϕ : M
∞
R → N∞R .
It is easy to check that Φ∞ϕ is an orientation perserving diffeomorphism from Sn−1 to itself.
Geometrically, if we take the level set S = ϕ−1(1), then each element in M∞R corresponds to a
point on S, and the outward conormal of S at the point is the element in N∞R obtained by Φ
∞
ϕ .
Proposition 2.7. Let ϕ be any homogeneous convex function on MR of degree k > 1, and equip MR with
metric gϕ induced from Hessian of ϕ. Then the integral curves in MR\{0} of the gradient of ϕ are rays.
Equivalently,
∇ϕ(ρ) = C(ρ)
∑
i
ρi∂ρi , C(ρ) > 0.
Proof. For any nonzero ρ ∈MR, we have Φϕ(ρ) = dϕ(ρ), also by Proposition 2.1 we have (Φϕ)∗(∇ρ) =
dϕ(ρ), hence the gradient vector field∇ϕ on MR when pushed-forward to NR is exactly the radial
vector field p∂p whose integral curves are rays. Since ϕ is homogeneous, hence Φϕ takes ray to
ray, hence the integral curve of∇ϕ is the pull-back of integral curve of p∂p, i.e. rays. 
2.4. Ka¨hler potentials Adapted to a Polytope . This is one of the key construction in this paper.
We replace the Kahler potential
∑
i u
2
i on (C∗)n where ui = log |zi| by any homogeneous degree
two Kahler potential ϕ(u).
Let P be a convex polytope (possibly unbounded) in MR containing 0 as an interior point. We
define a notion of convexity with respect to P .
Definition 2.8. A homogeneous convex function ϕ on MR is convex with respect to P , if for each
face F of P of positive dimension, the restriction ϕ|F has a unique minimum point in the interior
of F . A Ka¨hler potential adapted to P is a homogeneous degree two convex function ϕ : MR → R
that is convex with respect to P .
Remark 2.9. A homogeneous convex function ϕ on MR is convex with respect to P , if the increas-
ing sequence of level sets {ϕ(ρ) < c}meet the faces of P in the interior first.
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Proposition 2.10. For any convex polytope P in MR containing 0 as an interior point, there exists a
non-empty contractible set of Ka¨hler potential adapted to P .
Proof. First, we show the existence of such potential ϕ. We will build the level set S = {ϕ = 1},
and show that as we rescale S to λS, for λ from 0 to∞, S will meet the interior of each face F first.
We will proceed by first build a polyhedral approximation of S, then smooth it.
For each face F of P , we pick a point xF in the interior of F if dimF > 0, or xF = F if F is
a point. Let T be the simplicial triangulation of P with vertices of F , then T is also a barycentric
subdivision of P . Let φT : P → R a piecewise linear convex function on P , with maximal convex
domain the top-dimensional simplices of T , and such that for any 0 ≤ d ≤ n− 1, and any face xF
of dimension d, φT (xF ) = cd are the same for all such F . Such φT can be constructed inductively
from xF with dimF from 0 to n− 1. Let φT be extended to MR by linearity. Thus φT has a unique
minium point in each face F .
Let η ∈ C∞c (Rn) be a bump function with
∫
η = 1, and let η(x) = η(x/)/n. Let φT, =
η ?φT + |x|2, where |x| is taken with respect to any fixed inner product on Rn, then φT, is a linear
combination of convex function hence still convex. Since φT, → φT as  → 0, for  small enough,
φT, still has a unique minimum point in each face F . And ST, = {φT, = 1} is a convex smooth
boundary, such that ST, → ST = {φT = 1} as → 0. Then, for small enough , we can use ST, as
the contour of the homogeneous degree two convex function {ϕ(x) = 1}.
(2) Let K be the set of homogeneous degree two potential adapted to P . Then there is surjective
continuous map pi : K → ∏F,dimF>0 Int(F ), by sending ϕ to its critical points on each face. Since
if two convex functions ϕ1, ϕ2 have the same critical points, then their convex linear combination
tϕ1 +(1− t)ϕ2 for t ∈ [0, 1] are still homogeneous degree two and with the same critical points, we
see the fiber of map pi is convex hence contractible. Since the base of the fibrationCr is contractible
as well, we have K contractible.

Let P be a convex polytope in MR containing 0 as an interior point. Recall the definition of the
dual polytope P∨ ⊂ NR
P∨ = {p ∈ NR | 〈p, x〉 ≤ 1 ∀x ∈ P}. (2.2)
For any face F ⊂ P , there is dual face F∨ ⊂ P∨, and dimR F + dimR F∨ = n− 1. We define three
subsets of MR ×NR
LP =
⋃
F
cone(F )× F∨, LP∨ =
⋃
F
F × cone(F∨), ΛP =
⋃
F
F × F∨, (2.3)
where F runs over the faces of P , and cone(F ) = R>0 · F .
Remark 2.11. LP and LP∨ are piecewise Lagrangians, and ΛP = LP ∩ LP∨ is piecewise isotropic.
LP is the exterior conormal of P∨ in T ∗NR, and L∨P is the exterior conormal of P in T
∗MR. If we
let ϕP,1 be the piecewise linear function on MR, such that P = {x : ϕP,1(x) ≤ 1}, then LP morally
is ΓdϕP,1 .
Lemma 2.12. Let ϕ be a homogeneous degree two convex function on MR. P, P∨ be dual convex polytopes
in MR and NR as above. Let F be a face of P . Then there is a natural bijection
cone(F )× F∨ ∩ Γdϕ ↔ F × cone(F∨) ∩ Γdϕ. (2.4)
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Proof. If (λx, p) ∈ cone(F )×F∨ ∩ Γdϕ, where λ > 0 and x ∈ F, p ∈ F∨, then by conic invariance of
Γdϕ, we have
(x, p/λ) =
1
λ
(λx, p) ∈ F × cone(F∨) ∩ Γdϕ. (2.5)
Sending (λx, p) to (x, p/λ) is the desired bijection. 
Next, we give some equivalent characterization for convexity with respect to a polytope.
Proposition 2.13. Let P be a convex polytope in MR containing 0 as an interior point. Let ϕ be a homo-
geneous degree two convex function on MR. The following conditions are equivalent:
(1) ϕ is adapted to P .
(2) For each face F of P , the smooth component Int(F × cone(F∨)) of L∨P has a unique intersection with
Γdϕ.
(3) For each face F of P , the smooth component Int(cone(F ) × F∨) of LP has a unique intersection with
Γdϕ.
Proof. (2) is equivalent to (3) by Lemma 2.12.
(2)⇒ (1): since ϕ|F is still convex, hence as at most one minimum point in the interior, and any
interior critical point is a minimum. Since
∅ 6= F × cone(F∨) ∩ Γdϕ ⊂ T ∗FMR ∩ Γdϕ (2.6)
we see ϕ|F has a critical point.
(1)⇒ (2): for each face F of P , let xF be the critical point of ϕ|F , and let HF ⊂MR be the affine
hyperplane tangent to the contour of ϕ at xF . We claim that HF is a supporting hyperplane for P ,
and P ∩HF = F . Then p = dϕ|xF ∈ T ∗xFMR ∼= NR is in the exterior conormal of HF (exterior with
respect to P ), hence p ∈ cone(F∨). Thus, (x, p) ∈ F × cone(F∨). 
A consequence of the proposition is the compatibility of the ‘adaptedness’ with Legendre trans-
formation.
Corollary 2.14. Let P be a convex polytope in MR containing 0 as an interior point and P∨ the dual
polytope. Let ϕ be homogeneous degree two convex function, and ψ the Legendrian dual of ϕ. Then ϕ is
adapted to P if and only if ψ is adapted to P∨.
3. MAIN RESULTS
Let Q be a convex lattice polytope in NR containing 0 = α0. Let T be a coherent star triangula-
tion of Q based at 0 with integral vertices, and ∂T be the subset of simplices not containing 0. Let
A be the set of vertices of T , and let h : A → R induce T with h(0) = 0. Fix a Θ : A → T with
Θ(α0) = pi.
Let Πh ⊂ MR be the tropical amoeba of (T , h), and P = Cα0 be the connected component in
MR\Πh corresponding to α0.
Let ϕ : MR → R be a homogeneous degree two convex function (i.e. ϕ(λx) = λ2ϕ(x) for all
λ > 0). 4 We assume ϕ is adapted to P , i.e, every face of P contains a minimum of ϕ in its interior.
4We may smooth ϕ at an small neighborhood around 0 ∈MR, but this is irrelevant since we will use ϕ only as ϕ(βu)
for β  1 and u in a neighborhood of ∂P .
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Then the tropical localized polynomial is
f˜(z) :=
∑
α∈A
e−βh(α)−iΘ(α)χα,β(z)zα
where the monomial cut-off function χα,β defined as in Definition 1.4. Denote the localized hy-
persurface and amoeba as H˜ := f˜−1(0) and Π˜ := Logβ(H˜) respectively. We use C˜ = C˜α0 to denote
the complement labelled by α0.
Theorem 1. The critical points for ϕ|
∂C˜
on the boundary of amoeba ∂C˜ are indexed by simplices τ ∈ ∂T .
The critical point ρ˜τ for τ in ∂T has Morse index dim |τ |. The unstable manifold (downward flowing) W˜τ
of ρ˜τ contains ρ˜τ ′ in its closure, if and only if τ ⊃ τ ′.
The Liouville structure of H˜ are induced from (MC∗ , ω, λ) (see Section 2.2), where in coordinates
ω = ∂ijϕ(ρ)dρi ∧ dθj , λ = ∂iϕ(ρ)dθi.
The (candidate for) Liouville skeleton is defined as
Sβ,h,Θ =
⋃
τ∈T
(β · W˜τ )× Tτ,Θ ⊂MR ×MT ∼= MC∗ , (3.1)
where W˜τ is the unstable manifold from ρ˜τ and Tτ,Θ is the subtorus of MT defined by
Tτ,Θ = {θ ∈MT : 〈θ, α〉 = Θ(α), for each vertex α in τ .} (3.2)
Theorem 2. Sβ,h,Θ is the Lagrangian Liouville skeleton for (H˜, ω|H˜, λ|H˜)
The Lagrangian skeleton defined here can be related with the RSTZ skeleton via the ’projective’
Legendre transformation Φ∞ϕ : M∞R
∼−→ N∞R , which is induced by homogeneous Legendre trans-
formation Φϕ : MR → NR. Let qM : MR\{0} → M∞R and qN : NR\{0} → N∞R be quotient by R+.
Recall the RSTZ-skeleton Λ∞T ,Θ is defined in the introduction (0.2). Let id denote the identity map
on MT , then we have:
Theorem 3.
Φ∞ϕ × id : M∞R ×MT → N∞R ×MT
induces a homeomorphism between Sβ,h,Θ identified as (qM × id)(Sβ,h,Θ) and Λ∞T ,Θ identified as (qN ×
id)(Λ∞T ,Θ).
The main theorem then follows from Theorem 2 and 3, and the diffeomorphism of H with H˜
from Proposition 1.8.
4. GRADIENT FLOW: PROOF OF THEOREM 1
We will index the critical points by simplex τ in ∂T = T ∩ ∂Q. We use τ0 to denote the simplex
of conv({0} ∪ τ). We will sometimes omit β from the subscript to unclutter the notation.
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4.1. Convergence of smooth Convex Domain and Critical Points. We fix an identification of
V ∼= Rn and take Euclidean metric on V and the induced metric on T ∗V and S∗V . We identify the
sphere compactification boundary T∞V = (T ∗V − V )/R>0 with the unit cosphere bundle S∗V . If
U ⊂ V open set with smooth boundary, then S∗UV is the one-sided unit conormal bundle of ∂U
with covectors pointing outward. The generalization to open convex set U with piecewise smooth
boundary is also straightforward.
Proposition 4.1. Let V ∼= Rn be a real vector space of dimension n, P ⊂ V a convex polytope containing
the origin, ϕ : V → R a potential adapted to P . Let {Pj} be a sequence of convex bounded domains with
smooth boundaries, such that the exterior conormals Lj := S∗PjV converges to L := S
∗
PV in the cosphere
bundle S∗V in the Hausdorff metric. Then for all large enough j, there is a one-to-one correspondence
between face F of P and critical points of ϕ on ∂Pj , denoted as ρ˜F , such that
(1) ρ˜F has Morse index n− 1− dimF .
(2) As β →∞, ρ˜F tends to the ρF , the minimum of ϕ on the face F of P .
Proof. (1) We express the critical point condition in terms of Legendrian intersection. Define the
projection image of Γdϕ in T∞V as
Γ∞dϕ = (R>0 · Γdϕ)/R>0 ⊂ T∞V. (4.1)
Then Γ∞dϕ is also the union of unit conormal for level sets of ϕ:
Γ∞dϕ =
⋃
c∈R
S∗{ϕ(ρ)≤c}V. (4.2)
The Legendrian L = S∗PV is a piecewise smooth C
1 manifold, where the smooth components
LF are labelled by faces F of P . If ρF is a critical point of ϕ on F , then there is a unique unit
covector pF ∈ LF , such that xF = (ρF , pF ) ∈ L t Γ∞dϕ, and the intersection is transversal.
(2) Consider the unit speed geodesic flow ΦtR on the unit cosphere bundle S
∗V . Fix any small
flow time 1  > 0, since ΦR : S∗V → S∗V is a diffeomorphism, ΦR(Lj) still converges to ΦR(L)
in Hausdorff metric. For any subset A ⊂ V , define
A := {x : dist(x,A) < }
to be the -fattening of A. If A is a convex set, we have ΦtR(S
∗
AV ) = S
∗
AV. Hence ∂P
 is a C1
hypersurface, and ∂P j → ∂P  in Hausdorff metric as j →∞. Define
Lt = ΦtR(L), L
t
j = Φ
t
R(Lj).
The geodesic flow applied to Γ∞dϕ can be understood as follow
ΦR(Γ
∞
dϕ) =
⋃
c∈R
ΦR(S
∗
{ϕ(ρ)≤c}V ) =
⋃
c∈R
S∗{ϕ(ρ)≤c}V.
Define function ϕ˜, such that {ϕ˜(ρ) < c} = {ϕ(ρ) ≤ c}, then ϕ˜ is a levelset convex function. By
Lemma 2.7 of [CE], there exists a strictly increasing function f : R → R, such that ϕ = f ◦ ϕ˜ is a
convex function. Thus, we have
ΦR(Γ
∞
dϕ) = Γ
∞
dϕ ϕ
 is convex .
Let xF = Φ

R(xF ), ρ

F = pi(x

F ) in the expanded face F
 = pi(ΦR(LF )). Then x

F is still the
intersection of Γ∞dϕ and S
∗
P V , and ρ

F is the unique Morse critical points of ϕ
 restricted on F ,
and ρF is in the interior of F
. One may easily check that the Morse index of ρF is n− 1− dimF .
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(3) We now prove that for large enough j, for each F , there is a unique critical points ρF,j of ϕ

on ∂P j approaching ρ

F .
Fix a small neighborhoodWF ⊂ ∂P  near ρF , and for small enough δ, let W˜F ∼=WF × (−δ, δ) be
the flow-out ofWF under the Reeb flow for time in (−δ, δ), with projection map piW : W˜F →WF .
We claim that for large enough j, ∂P j ∩ W˜F projects bijectively to WF , since otherwise this con-
tradicts with P j being convex and the fiber of piW being straight-line segments Reeb trajectories.
Thus, we have a sequence of smooth sections ιj : WF → W˜F for large enough j, such that ιj
converges to the zero section in C1.
Let fj = ι∗jϕ|W˜F ∈ C
∞(WF ,R), and a smooth function f∞ = ι∗∞ϕ|W˜F , where ι∞ : WF ↪→ W˜F
is the identity map of zero section. Since ιj → ι∞ in C1, fj → f∞ in C1. Since f∞ has a non-
degenerate critical point, by stability of critical points under C1-perturbation, fj has a unique
critical point of the same index as f∞.
(4) Finally, we show that there are no other critical points. Let UF be the preimage of W˜F under
S∗V → V . Let U be the union of all such U˜F . If δ > 0 is small enough, such that
dist(Γ∞dϕ\U,L) > 3δ.
Then by the assumption that Lj converges to L
 in Hausdorff metric, we make take j0 large
enough, such that for all j > j0 and all x ∈ Lj , dist(x, L) < δ. This shows
dist(Γ∞dϕ\U,Lj) ≥ dist(Γ∞dϕ\U,L)− dist(Lj , L) > 2δ,
hence there is no intersection between Lj and Γ
∞
dϕ away from U .
(5) Since ΦR is a diffeomorphism, the result about L

j ∩ Γ∞dϕ implies the same result about
Lj ∩ Γ∞dϕ, and we finish the proof of the proposition. 
4.2. Proof of Theorem 1: Critical Points and Unstable Manifolds.
Proposition 4.2. For large enough β, there is a one-to-one correspondence between simplices τ ∈ ∂T and
critical points of ϕ on ∂C˜, denoted as ρ˜τ , such that
(1) ρ˜τ has Morse index dim τ .
(2) As β →∞, ρ˜τ tends to the ρτ , the minimum of ϕ on the face τ∨0 of P .
Proof. First we approximate ∂C˜ by its convex model Ĉ (see Definition 1.10). Then by Proposition
4.1, we have critical points {ρ̂τ} on Ĉ indexed by τ ∈ ∂T . Then, a perturbation argument shows ϕ
has critical points on ∂C˜ as {ρ˜τ = ρ̂τ}. 
Next, we prove that the unstable manifold W˜τ for critical point ρ˜τ are cells of a dual polyhedral
decomposition of ∂P . This is true not only in the combinatorial sense, but in a more refined
geometrical sense.
Proposition 4.3. For large enough β, and for any τ ∈ ∂T , the unstable manifold W˜τ is a smooth manifold
of dimension dim τ , and ρ˜τ ′ ∈ ∂W˜τ if and only if τ ′ ⊂ τ .
Proof. The statement of dim W˜τ follows from the Morse index of ρ˜τ . For any critical point ρτ , take
a small enough ball B of radius  around it, then B can be stratified by the limit of gradient flow.
For each facet σ∨ of the polytope P adjacent to τ∨, there is an open ball Uσ in ∂B whose points
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flows to critical point ρσ. If a face τ ′∨ adjacent to τ∨ can be written as τ ′∨ = σ∨1 ∩ · · · ∩ σ∨k for facets
σ∨i , then points in the relative interior of ∩ki=1Uσi will flow to ρτ ′ . 
Now we give an explicit description of the unstable manifold. Let Φ∞ϕ , qN and qM be as in the
statement of Theorem 3.
Proposition 4.4. For all large enough β, and τ ∈ ∂T , Φ∞ϕ induces a homeomorphism
Φ∞ϕ : qM (W˜τ )
∼−→ qN (τ).
Proof. Without loss of generality, we set h(0) = 0. We will first do the computation on the convex
model Ĉ, then state the necessary modifications for C˜.
Then the defining function for Ĉ can is
1 =
∑
α∈A\{0}
eβlα(u)χ(βlα(u) +
√
β) =: F̂ (u)
For any point u ∈ Ĉ, we define the simplex
τ(u) = conv{α ∈ A\{0} : χ(βlα(u) +
√
β) > 0}.
Then the gradient of ϕ on Ĉ can be expressed as
∇(ϕ|
Ĉ
) = ∇ϕ− c1∇F̂
where c1 =
〈∇ϕ,dF̂ 〉
〈∇F̂ ,dF̂ 〉 . Since by Proposition 2.7, ∇ϕ is in the outward radial direction, and F̂ is a
convex function with bounded sub-level set, hence 〈∇ϕ, dF̂ 〉 > 0. Combining 〈∇F̂ , dF̂ 〉 > 0, we
have c1 > 0.
For u on the unstable manifold Ŵτ , we have τ(u) ⊂ τ . The defining function F̂ for a neighbor-
hood of u can be written as
F̂τ (u) =
∑
α∈τ
eβlα(u)χ(βlα(u) +
√
β)
thus
dF̂τ =
∑
α∈τ
(exχ(x+
√
β))′|x=βlα(u) · α ∈ Int cone(τ).
And at the critical point
dϕ(ρ̂τ ) = c1dF̂τ ∈ Int cone(τ).
If γ : (−∞,+∞) → Ĉ is an integral curve for −∇(ϕ|
C˜
) with limt→−∞ γ(t) = ρ̂τ , then under
Legendre transformation we have a curve η(t), such that
lim
t→−∞ η(t) = dϕ(ρ˜τ ) ∈ Int cone(τ)
and using Lemma 2.1 and Proposition 2.7
d
dt
η(t) = (Φϕ)∗(−∇(ϕ|C˜)) = (Φϕ)∗(−∇ϕ+ c1∇F ) ∈ R(p∂p) + Int cone(τ),
where p∂p is the radial vector field on NR. Thus η(t) is within the cone Int cone(τ) for all t ∈ R.
This shows that
Φ∞ϕ (qM (Ŵτ )) ⊂ qN (τ).
Using induction on dimension of τ from 0 to n− 1, we can show the image is onto.
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Now consider C˜. One need to replace χ(βlα(u) +
√
β) by χα,0)(u) in defining F˜ . And one can
still show that dF˜τ (u) ∈ Int cone(τ), the rest is the same as Ĉ. 
5. LIOUVILLE FLOW: PROOF OF THEOREM 2 AND 3
First we find all the critical points (manifolds) of the Liouville vector field on H˜. We show
that they are exactly the preimage of critical points of ϕ|
∂C˜
under Logβ , which are tori of various
dimensions. The more difficult part is to show there are no other critical points.
Then, we study the Liouville flow trajectory from these critical manifolds. There are two key
points:
(1) We write the fiberwise Liouville vector field as the ambient Liouville vector field in MC∗
subtract its symplectic orthogonal component, then show that on the ’positive loci’ (Defini-
tion 5.1), the symplectic orthogonal component is proportional to the Hamiltonian vector
field XImf˜ .
(2) We show that the unstable manifold correponding to the critical manifold indexed by
τ ∈ ∂T , is geometrically identified with the simplex τ under the projective Legendre trans-
formation Φ∞ϕ : M∞R → N∞R . This determines the unstable manifolds.
Recall our notations:
• The complex hypersurfaceH defined by f(z) = 0:
f(z) =
∑
α∈A
fα(z) =
∑
α∈A
zαe−βh(α)−iΘ(α).
• The tropical localized hypersurface H˜, defined by f˜(z) = 0:
f˜(z) =
∑
α∈A
f˜α(z) =
∑
α∈A
fα(z)χα(u),
• The real-valued functions, Fα(z) = |fα(z)| and
F˜ (z) = −1 +
∑
06=α∈A
Fα(u)χα(u).
The proof of Theorem 2 follows from Propositions 5.7, 5.8 and 5.9. The proof of Theorem 3
follows from Propositions 4.4 and 5.7.
5.1. Liouville Vector Field. Take any point z ∈ H˜, we have
Xλ(z) = X
‖
λ(z) +X
⊥
λ (z).
where X⊥λ (z) is symplectically orthogonal to TzH˜. We note that X‖λ(z) = XλH(z), since for any
v ∈ TzH˜,
ωH(X
‖
λ(z), v) = ω(Xλ(z)−X⊥λ (z), v) = ω(Xλ(z)−X⊥λ (z), v) = λ(v) = λH(v).
And X⊥λ (z) is the symplectic horizontal lift of f˜∗(Xλ(z)) ∈ T0C.
Definition 5.1. The positive loci H˜+ is the subset of H˜ where f˜0 = −1 and f˜α ≥ 0 for all α 6= 0.
Remark 5.2. An equivalent definition is that H˜+ = Log−1β (∂C˜).
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Proposition 5.3. For all z ∈ H˜+, we have XImf˜ (z) positively proportional to X⊥λ (z).
Proof. Since both vectors are symplectic orthogonal to H˜, we only need to check their image under
f˜∗ are positively proportional to each other.
First we study XImf˜ (z). On H˜+, we have f˜ = F˜ . We also have
df˜ =
∑
α∈A
F˜α(u)〈α, d(ρ+ iθ)〉+
∑
α∈A
fα(z)dχα(u)
= dF˜ (u) + i
∑
α∈A
F˜α(z)〈α, dθ〉
Hence
d(Imf) = Imdf =
∑
α∈A
F˜α(u)〈α, dθ〉
Thus
XImf =
∑
α∈∂A
F˜α(u)
∑
i,j
αig
ij(ρ)∂ρj (5.1)
compare with
∇(F˜ ) = g−1(dF˜ ) = g−1(
∑
α∈∂A
Fα(u)χα(u)〈α, dρ〉+ Fαdχα) = XImf +O(e−
√
β).
We thus have
〈df˜ ,XImf˜ 〉 = 〈dF˜ ,XImf˜ 〉 = ‖∇F˜‖2 +O(e−
√
β) > 0.
Next, we study X⊥λ (z). We have
〈df˜ ,X⊥λ (z)〉 = 〈df˜ ,Xλ(z)〉 = 〈df˜ ,∇ϕ〉 = 〈dF˜ ,∇ϕ〉
Since∇ϕ is positively proportional to the radial vector field u∂u by Proposition 2.7, and 〈dF˜ , u∂u〉 >
0. We have also 〈df˜ ,X⊥λ (z)〉 > 0.
Since f˜∗(X⊥λ (z)) and f˜∗(XImf ) are both in the positive direction of T0C, X⊥λ (z) is positively
proportional to XImf˜ (z). 
5.2. Critical Manifolds. Recall from the previous section, that on the boundary of the amoeba
∂C˜, the critical points of ϕ are indexed by τ ∈ ∂T as ρ˜τ .
Proposition 5.4. The preimages Critτ := Logβ |−1H˜ (ρ˜τ ) are critical manifolds.
Proof. Since the critical points ρ˜τ are in the ’good’ region H˜good ⊂ H˜, where the monomial cut-off
functions χα are either zero or one, hence the hypersurface H˜good is holomorphic. Thus, zero of
dϕ|H˜ is also zero of dcϕ|H˜. 
Proposition 5.5. For each τ ∈ ∂T , Logβ |−1H˜ (ρ˜τ ) = {βρ˜τ} × Tτ,Θ, where Tτ,Θ is defined in (3.2).
Proof. Since ρ˜τ is on the boundary ∂C˜, we have 1 =
∑
α∈τ Fα(z). Comparing with the defining
equation of H˜ in a neighborhood of Logβ |−1H˜ (ρ˜τ ), we have 1 =
∑
α∈τ fα(z).Hence 0 = arg(fα(z)) =
〈α, θ〉 −Θ(α) for each vertex α in τ . Thus the fiber is the torus Tτ,Θ. 
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5.3. Unstable Manifolds.
Proposition 5.6. The Liouville vector field XλH on the positive loci H˜+ does not change the θ coordinate.
In particular, the positive loci H˜+ is preserved under the Liouville flow.
Proof. SinceXλH = X
‖
λ = Xλ−X⊥λ , suffice to check thatXλ andX⊥λ does not change θ coordinates.
We have Xλ ∝ ρ∂ρ, and X⊥λ ∝ XImf˜ . From Eq. (5.1), we see XImf˜ has no θ-component. Hence
〈XλH , dθ〉 = 0. 
Proposition 5.7. For any τ ∈ ∂T , the unstable manifold for Critτ is W˜τ × Tτ,Θ.
Proof. From Proposition 5.6, we see the flowout of Critτ by the Liouville flow does not affect the
MT component. Thus Louville flow Xλ,H˜ on H˜ induces a flow on H˜+, and it descend to ∂C˜, for
which we denote as X
λ,∂C˜
.
On ∂C˜good, X
λ,∂C˜
agrees with ∇(ϕ|
∂C˜
). And they have the same critical points set. On ∂C˜bad,
we have
‖X
λ,∂C˜
−∇(ϕ|
∂C˜
)‖ = O(e−
√
β).
Despite individual flowlines for the two vector fields with the same starting point in the good
region may be split after flow through a bad region, we claim that for each critical point ρ˜τ , the
unstable manifolds W˜Xλτ and W˜
∇ϕ
τ for the two flows are the same.
Let τ ∈ ∂T have vertices {α1, · · · , αk}. Then
∇(ϕ|
C˜
) = ∇ϕ− c1∇F˜ ∈ R · ρ∂ρ+ (Φϕ)−1∗ (Int cone τ)
and
X
λ,∂C˜
= Xλ −X⊥λ = Xλ − c(u)XImf˜ ∈ R · ρ∂ρ+ (Φϕ)−1∗ (Int cone τ)
where we used X⊥λ positively proportional to XImf˜ , and XImf˜ is given by Eq. (5.1). By similar
argument in Proposition 4.4 that W∇ϕτ is dual to τ via Φ∞ϕ , we have WXλτ is dual to τ via Φ∞ϕ . Thus
W˜∇ϕτ and W˜∇ϕτ has to be the same. We drop the superscripts and denote both as W˜τ . 
Proposition 5.8. For each τ ∈ ∂T , the unstable manifold W˜τ × Tτ,Θ is a Lagrangian in H˜.
Proof. One can use the property of the Liouville flow to show the unstable manifold is isotropic,
and then counting dimension
dimR W˜τ × Tτ,Θ = (dim τ) + n− (dim τ + 1) = n− 1 = 1
2
dimR H˜.
We give an alternative proof. By Proposition 4.4, we have
Φϕ(cone W˜τ )× Tτ,Θ = cone τ × Tτ,Θ.
However, cone τ × Tτ,Θ is part of the conormal Lagrangian T ∗Tτ,ΘMT for the submanifold Tτ,Θ in
MT . Since Φϕ × id is a symplectomorphism between MC∗ and T ∗MT , we get cone W˜τ × Tτ,Θ is a
conical Lagrangian inM∗C∗ . Finally, a Lagrangian restricts to a symplectic submanifold is isotropic.
Thus by dimension counting,
W˜τ × Tτ,Θ =
(
cone W˜τ × Tτ,Θ
)⋂
H˜
is a Lagrangian in H˜. 
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5.4. No other Critical Points.
Proposition 5.9. There are no other zero of the Liouville vector field away from {Critτ}.
Proof. Suffice to prove that there are no zero of the Liouville vector field outside of the positive
loci H˜+. Here we only give the sketch the proof. We look at the good region first. Then dcϕ|H = 0
is equivalent to dϕ|H = 0, we only need to check there are no critical point for ϕ.
Suppose there is a critical point ϕ at z ∈ H˜good, the terms labeled by α1, · · · , αk are non-zero,
i.e., near z, H˜ is defined by
k∑
i=1
fαi(z) = 0.
Let τ ∈ T be the simplex with vertices {α1, · · · , αk}. Let τ∨ be the cell in the tropical amoeba Π,
and Uτ ⊂ H˜good where the defining equation is as above. We split in to two cases below. Recall
P is the polytope corresponding to vertex 0 ∈ T . Let g0 denote the Euclidean metric on MR after
identification MR ∼= Rn.
(1) The case 0 /∈ τ . Then τ∨ is a non-compact cell in Π, and intersect the amoeba polytope P at
face Fτ = P ∩ τ∨.
Let u = Logβ(z), and let u′ denote the orthogonal projection w.r.t g0 to the cell τ∨0 . Then
distg0(u, u
′) = O(1/
√
β). Let u′′ denote the minimum of ϕ on Fτ . We claim that
ϕ(u′′) < ϕ(u′),
since the increase level set of ϕ meet the convex cell τ∨ first at u′′.
Let v = u′′− u′ ∈MR. If we view v as a tangent vector at u′′, then 〈dϕ(u′), v〉 < 0. Since u and u′
are O(1/
√
β) close, we also have 〈dϕ(u′), v〉 < 0. Finally, one can check v can be lifted as a tangent
vector to TzH˜, hence dϕ 6= 0 at z.
(2) The case 0 ∈ τ . Without loss of generality, we may assume Θ(0) = pi, h(0) = 0, and αk = 0.
Thus, the defining equation of H˜ near z can be written as
1 =
k−1∑
i=1
fαi =
k−1∑
i=1
e−iΘ(αi)−βh(αi)eβ〈αi,u〉+i〈αi,θ〉 =: F (u, θ)
Suppose z is a critical point of ϕ|{F=1}, then there exists c1, c2, such that
dϕ(ρ) = c1dReF (ρ, θ) + c2dImF (ρ, θ).
However, since dϕ(ρ) has no dθ component, hence dθ on the RHS need to be cancelled out. Using
all the αi are linearly independent, we can check this is only possible if all arg(fαi) are equal or
differ by pi. Since
∑
i fαi = 1, we get all fαi ∈ R, and at least one is positive.
If all of fαi(z) are positive, then there is nothing to show, since we want to prove all the critical
points lies on the positive loci.
If not all of fαi(z) are positive, say for i = 1, · · · ,m, fαi(z) < 0, then u lies on the real hypersur-
face
1 = −eβlα1 (u) − · · · − eβlαm (u) + · · ·+ eβlαk+1 (u) =: H(u).
near the face τ∨ on P . If we further require dϕ to be in the R-span of α1, · · · , αk−1, then u has
to be near the critical point of ϕ on face τ∨. One can show that dϕ has to be in the R+-span of
α1, · · · , αk−1. Hence, there does not exists c ∈ R, such that dϕ(u) = cdH(u).
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This concludes the discussion for z in the good region. If z is in the bad region, where at least
one 0 < χα(z) < 1, we will approximate the bad region using good region in the following way.
Define a different set of cut-off functions, by changing the cut-off threshold from −√β to −2√β,
ie. redefine
χα,α′,β(u) = χ(β(lα(u)− lα′(u)) + 10
√
β)
in Definition 1.4. Denote the new tropical localized hypersurface H˜10. We claim the Hausdorff
distance between H˜ and H˜10 in MC∗ is O(e−c
√
β) for some c > 0. Furthermore, their unit conormal
bundles S∗H˜MC∗ and S
∗
H˜10MC
∗ should have distance O(e−c
√
β) as well. A zero of dc(ϕ|H˜) corre-
sponds to an intersection of Γ∞dcϕ ⊂ S∗MC∗ with S∗H˜MC∗ , where
Γ∞dcϕ = (Γdcϕ ∩ T˙ ∗(MC∗))/R+ ⊂ T∞(MC∗) ∼= S∗(MC∗).
(cf Definition (4.1) and (4.2)). Thus the bad region of H˜ can be approximately by part of good
regions in H˜10, where we know there does not exists critical points of ϕ away from the positive
loci, hence there are no critical points in the bad region of H˜ away from the positive loci. 
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